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Abstract

Relativistic jets are the essential ingredient in order to explain the observations of gamma-ray bursts.
One of the promising mechanism for the formation of the relativistic jets is the extraction of the rotational
energy of compact stars, such as black holes and neutron, by the magnetic braking. However, the efficient
acceleration of the Poynting dominated flow is not easy in the ideal magnetohydrodynamic (MHD) limit.
Non-ideal MHD processes, such as dissipation of the magnetic field inside the jest, are discussed as an
solution to the efficient flow acceleration. Here, we study accelertion of the one-dimensional cylindrical
relativistic outflow with non-ideal MHD effects. Three effects are added to the ideal MHD formulation
according to our past study on pulsar wind nebulae: radiative cooling (cooling effect), conversion of the
ordered magnetic field into the turbulent one (conversion effect) and dissipation of the turbulent magnetic
field (dissipation effect). The cooling and conversion effects work as acceleration but the flow is not
efficiently accelerated by these effects alone. The flow is efficiently accelerated to about a half of the
maximum possible Lorentz factor when all the three effects work simultaneously.
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1. Introduction

Relativistic outflows are associated with most of the ob-
served high energy astrophysical phenomena. Extraction
of the rotational energy of compact objects by magnetic
braking has been discussed as a mechanism of driving the
relativistic outflows, so that the outflow is Poynting dom-
inated at its base. However, it is known that a Poynting
dominated steady magnetohydrodynamic (MHD) flow
in spherical symmetry is not efficiently accelerated in
contrast to a thermally dominated relativistic fireball.
Magnetic dissipation, which is a non-ideal MHD effect
(Lyubarsky & Kirk 2001; Drenkhahn 2002), is a candi-
date for acceleration mechanism of Poynting dominated
flow.

Here, we study flow acceleration based on our past
study of the pulsar wind nebula (Tanaka et al. 2018).
We apply the model to a cylindrical jet. Although the re-
cent VLBI radio observations of the M87 jet reveal that
the overall jet shape is parabolic rather than cylindrical
(Asada & Nakamura 2012; Hada et al. 2013; Naka-
mura et al. 2018), the spines of the jets are expected to
be of cylindrical shape (Beskin & Nokhrina 2009; Porth
& Komissarov 2015). Our formulation is a simple ex-
tension of the magnetic dissipation model (Lyubarsky

& Kirk 2001; Drenkhahn 2002) and includes cooling
of the plasma, conversion of the ordered magnetic field
into the turbulent one and dissipation of the turbulent
magnetic field (section 2.). Radiative cooling is an essen-
tial property of the relativistic jets and recent numerical
studies of relativistic jets also discuss the development of
the turbulence and the magnetic dissipation inside the
cylindrical jet (Porth & Komissarov 2015; Bromberg &
Tchekhovskoy 2016; Bromberg et al. 2019).

2. Model

In our model, the system is described by six variables:
the proper enthalpy density w, the pressure p, the proper
mass density ρ, the four velocity along the jet axis u ≡
γβ, the strength of the ordered transverse magnetic field
b̄ in the proper frame and the strength of the turbulent
magnetic field δb which is isotropic in the proper frame
(〈δb〉 = 0 and 〈δb2〉 = δb2). The basic equations for
steady cylindrical jets with the non-ideal MHD effects
are
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which represent the conservation laws of the mass flux,
the total energy flux, the plasma internal energy, and the
energies of the ordered and turbulent magnetic field, re-
spectively. Three non-ideal MHD terms are introduced
from our past study: (1) cooling of plasma, (2) conver-
sion of the ordered toroidal magnetic field into the tur-
bulent one, and (3) dissipation of the turbulent magnetic
field into plasma heat and they on the right-hand side
of equations (2) − (5). Λ, zc and zd have positive val-
ues and are parameters of the system characterizing the
cooling, conversion and dissipation effects, respectively.
Transverse (toroidal) and turbulent magnetic filed are
separately considered. Introducing the non-dimensional
temperature Θ(z) normalized by the rest mass energy of
the plasma particles, we use the equation of state of a
Synge gas (Jüttner 1928; Synge 1957).

We assume the flow variables depend only on the dis-
tance along the jet axis z for simplisity. The above equa-
tions (1) − (5) are solved numerically by setting five
boundary conditions at an inlet boundary z = z0. (I)
The energy density at the boundary is γ0u0ω0ρ0c

2(1 +
σ0) = 1. (II) The maximum attainable Lorentz factor
is γmax ≡ γ0ω0(1 + σ0) = 104. (III) The inlet turbulent
magnetic field is δb20 = 0. (IV) The magnetization of the
flow is σ0 = 10−3, 1, 102. (V) The inlet four velocity u0
is set to be the four magnetosonic velocity on a given σ0.

The non-ideal MHD effects are parameterized by cor-
responding three length-scales. We use the normalized
length x ≡ z/z0 below. Definitions of the cooling, con-
version and dissipation lengths are xi ≡ zi/z0 (i = r,
c, and d). We give the radiation (cooling) length zr by
assuming Λr/c = eint/zr, where eint = w− p− ρc2 is the
internal energy density of plasma (Drenkhahn & Spruit
2002). The unit c = 1 is adopted below.

3. Results

Figure 1 shows the resultant flow profiles, where we cal-
culate the flow from x0 = 1 out to xout = 1010. From
top to bottom, the four velocity, magnetization, and en-
ergy flux profiles are shown. From left to right, the
adopted values of the characteristic length-scales are dif-
ferent. For each panels, the color of lines represents the

Table 1. Summary of the inlet boundary conditions (σ0), the charac-

teristic length-scales (xr, xc, xd) and the derived terminal values

(u∞, σ∞, l∞) for Fig. 1.

Adopted Derived
Cooling Acceleration

σ0 xr xc xd u∞ σ∞ l∞
102 103 ∞ ∞ 41 240 0.99
100 103 ∞ ∞ 45 90 0.41

10−3 103 ∞ ∞ 31 0.18 0.0037
Conversion Acceleration

σ0 xr xc xd u∞ σ∞ l∞
102 ∞ 103 ∞ 150 17 1
100 ∞ 103 ∞ 2.7 0.50 1

10−3 ∞ 103 ∞ 0.74 0.00066 1
Efficient Acceleration

σ0 xr xc xd u∞ σ∞ l∞
102 10 103 10 4700 0 0.47
100 10 103 10 1900 0 0.19

10−3 10 103 10 34 0 0.0034

inlet magnetization σ0 = 10−3 (red), σ0 = 1 (blue), and
σ0 = 102 (green), respectively. The adopted parame-
ters and the derived terminal values for each result are
summarized in Table 1.

The left three panels of Figure 1 are the results of cool-
ing acceleration, which is important for a relativistically-
hot flow. The inlet temperature is Θ0 ≈ 2.0 × 103 for
σ0 = 10−3, while Θ0 ≈ 2.0 for σ0 = 102. The conver-
sion and dissipation length-scales are set to infinity and
then the system has the only one length-scale xr. The
results for different xr have similarity curves, i.e., xr can
be chosen as the normalization of z0 and the terminal
values u∞, σ∞, l∞ are the same for different xr. The ter-
minal four velocity is less than fifty for all the cases and
is much smaller than γmax. The flows start to accelerate
at x ≈ xr and the four velocity profiles obey u ∝ x3/4 in
the acceleration phase.

The middle three panels of Figure 1 are the results of
conversion acceleration, which is important for the high-
σ0 flow. The cooling and dissipation effects are omitted
for all the curves in the middle three panels. The system
has the only one length-scale xc. The results are similar
and the terminal values u∞, σ∞, l∞ are the same for dif-
ferent xc. The terminal four velocity increases with σ0
while is also much smaller than γmax. The flows start to
accelerate at x ≈ xc and the four velocity profiles obey
u ∝ x1/3 in the acceleration phase. The terminal energy
flux is constant because of no cooling effect.

The right three panels of Figure 1 are the results
of efficient acceleration (u∞ ∼ γmax). All the non-
ideal MHD effects are considered for efficient accelera-
tion (xr, xc, xd) = (10, 103, 10). Note that both cool-
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Fig. 1. The profiles of the four velocity u(x) (top row), the magnetization σ(x) (middle row) and the total energy flux l(x) (bottom row).

The line color is different for the different inlet boundary conditions σ0 = 10−3 (red line), 1 (blue dashed line), and 102 (green dotted

line). For the left panels (cooling acceleration), the conversion and dissipation effects are ignored (xc = xd = ∞). For the center panels

(conversion acceleration), the cooling and dissipation effects are ignored (xr = xd = ∞). For the right panels (efficient acceleration), all

the non-ideal MHD effects are included (xr = xd = 10 and xc = 103). The adopted parameters are summarized in Table 1.

ing and conversion acceleration work even for the other
combinations of the characteristic length-scales but the
flows are not always accelerated efficiently. We find
that xc � xr, xd are required for efficient acceleration.
The terminal four velocity increases with σ0 and attains
≈ γmax/2 for the high-σ0 cases. In addition to conver-
sion acceleration, dissipation of the turbulent magnetic
field into plasma heat allows cooling acceleration because
the flow is much hotter than the cases without magnetic
dissipation. The terminal magnetization is zero because
of magnetic conversion and dissipation. The terminal
energy flux is larger for larger σ0, i.e., for larger u∞.

4. Discussion & Conclusions

Acceleration of cylindrical jets is studied by including
the three non-ideal MHD effects, namely the cooling xr,
conversion xc, and dissipation effects xd (Tanaka et al.
2018). Our non-ideal MHD formulation is heuristic but
would be a way to fill the gap between simplified analytic
(ideal MHD) studies and more realistic numerical stud-
ies. There are some other non-ideal MHD terms which
make both analytical and numerical (theoretical) stud-
ies more realistic. For example, mass loading to the jet
(Komissarov 1994; Toma & Takahara 2012) and effects
of multi-composition in the plasma (Motschmann et al.
1992).
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